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1. Introduction
A connected incidence system is an extended polar space if its point residues are ﬁnite thick, non-
degenerate polar spaces. Extensions of polar spaces play an important role as incidence geometries
admitting interesting groups, such as sporadic simple, or some classes of (extensions of) classical
groups.
A hyperoval or a local subspace of a polar space P is a non-empty set of points of P which inter-
sects every singular line of P in either 0 or 2 points.
Hyperovals of polar spaces arise in the context of locally polar spaces. Indeed, from a result of
Buekenhout and Hubaut [3, Proposition 3] it follows that if A is a polar space of polar rank r, r  3
and order n, and H a hyperoval of A then H equipped with the graph induced by A on H , is the
adjacency graph of a locally polar space of polar rank r − 1 and order n such that the residual space
HP at any point P ∈ H is isomorphic to ConeP (A). This result makes interesting the classiﬁcation of
all local subspaces of polar spaces.
A generalized quadrangle of order (s, t) (GQ(s, t) for short) is an incidence structure S = (P , B, I) of
points and lines with the properties that any two points (lines) are incident with at most one line
(point), every point is incident with t + 1 lines, every line is incident with s + 1 points, and for any
point P and line l which are not incident, there is a unique point on l collinear with P . The standard
reference is [12].
E-mail address: antonio.cossidente@unibas.it.0097-3165/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2010.11.016
A. Cossidente / Journal of Combinatorial Theory, Series A 118 (2011) 1190–1195 1191In this paper we will focus on the generalized quadrangle H(3,q2), q odd, the incidence structure
of all points and lines (generators) of a non-singular Hermitian surface in PG(3,q2), a generalized
quadrangle of order (q2,q), with automorphism group PU(4,q2), see [13] for more details.
In a recent paper [7] B. De Bruyn, among other interesting results, proved the following theorem.
Theorem 1.1. Let S be a generalized quadrangle of order (s, t) and let H be a hyperoval of S . Then
1. 2 is a divisor of |H|;
2. We have |H|  2(t + 1), with equality if and only if there exists a regular pair {x, y} of non-collinear
points of S such that H = {x, y}⊥ ∪ {x, y}⊥⊥;
3. We have |H|  (t − s + 2)(s + 1). If equality holds then every point outside H is incident with exactly
(t − s)/2+ 1 lines which meet H ;
4. We have |H| 2(st + 1), with equality if and only if H is a 2-ovoid.
As observed in [3, Remark 2, p. 404] when r = 2 we can still say that a hyperoval of a generalized
quadrangle S is a graph of degree equal to |ConeP (S)| which has the property to be triangle free.
More precisely, a subgraph of a point GQ(s, t)-graph is a hyperoval if and only if it is a regular graph
of valency t + 1 with an even number of vertices and has no triangles. Notice that only hyperovals
can be μ-subgraphs of triangular GQ(s, t)-extensions.
A GQ(1, t) has only one hyperoval: the whole point set. For generalized quadrangles of order (2, t)
not many examples are known.
The hyperovals of H(3,4) have been classiﬁed by Makhnev [10]. He found hyperovals of size
6,8,10,12,14,16,18.
In this paper we construct inﬁnite families of transitive hyperovals of H(3,q2), q odd, of sizes
q3 + 1 (the ovoid number of H(3,q2)) and q3 − q, respectively. Other inﬁnite families of hyperovals
of size 2(q2 + 1) arise from certain 2-ovoids of W3(q) for any q. Some sporadic examples are also
presented.
In the last section we present some results on packings of the Hermitian curve. A spread of the
Hermitian curve H(2,q2) is a partition of the point set of H(2,q2), into (q + 1)-secants intersecting
in a non-singular point. The term packing stands for a partition of the (q+ 1)-secants of H(2,q2) into
spreads.
In Thas’ paper [16], m-ovoids of generalized quadrangles were introduced as sets of points meeting
every line in exactly m points. The dual concept is an m-cover, that is, a set of lines such that every
point lies on exactly m lines of the set. These conﬁgurations generalize the more widely studied ob-
jects of ovoids and spreads (which are 1-ovoids and 1-covers, respectively). Here, we give an example
of irreducible 2-ovoid of H(3,25), namely a 2-ovoid that is not the union of two ovoids.
2. The ﬁrst inﬁnite family
We represent PG(2,q2) as GF(q6) modulo GF(q2), where q is a prime power. It follows that points
of PG(2,q2) are the nonzero elements of GF(q6) and two elements x and y represent the same point
of PG(2,q2) if and only if x = λy for some λ ∈ GF(q2). If ω is a primitive element of GF(q6) then the
points of PG(2,q2) can be identiﬁed with the set of powers of ω and multiplication with ω induces a
cyclic collineation (Singer cycle) on PG(2,q2). There exist two cyclic partitions of PG(2,q2). The ﬁrst
one, say B, is into q2 − q + 1 Baer subplanes. The second one, say A, is into q2 + q + 1 complete
arcs of size q2 − q + 1, see [9, p. 111]. Also, a Hermitian curve H(2,q2) of PG(2,q2) can always be
partitioned into q + 1 cyclic (q2 − q + 1)-arcs [9, Theorem 10.35].
Assume q is odd. Fix a Baer subplane B in B. The q + 1 arcs of A partitioning H(2,q2) meet B in
exactly one point. We obtain a set C of q+1 points of B . Of course C = H(2,q2)∩ B and hence C is a
Baer subconic [14]. Let  be a line of PG(2,q2) arising from a line of B and assume that  is external
to C : there are q(q − 1)/2 possibilities for . From [9, Lemma 4.40]  meets the (q2 − q + 1)-arcs
partitioning H(2,q2) in either 0 or 2 points. Since  is (q + 1)-secant to H(2,q2) and q + 1 is the
number of (q2 − q + 1)-arcs of A partitioning H(2,q2),  is 2-secant to exactly (q + 1)/2 such arcs,
say A1, . . . , A(q+1)/2.
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a line orbit X of size q2 − q + 1, and each line in X is 2-secant to A1, . . . , A(q+1)/2. It turns out that
through each point of Ai there pass exactly 2 lines of X . Of course X is a dual arc in PG(2,q2). By
construction there are exactly q(q − 1)/2 choices of  and hence for X .
Now, let H(3,q2) be the Hermitian surface of PG(2,q2). Let π be a secant plane of H(3,q2) meet-
ing H(3,q2) at the Hermitian curve H(2,q2). The stabilizer of π in PGU4(q2) is GU3(q2). Consider
now the setting above on H(3,q2). The set X⊥ of conjugate lines of the lines in X are again (q + 1)-
secant to H(3,q2) passing through P = π⊥ . From the discussion above, if Q is a point on a line
of X⊥ , then Q ⊥ meets exactly another line of X⊥ . Also, since X is a dual arc, no three lines of X⊥ lie
in a plane. Finally, X⊥ comprises (q2 − q + 1)(q + 1) = q3 + 1 points ﬁxed by the Singer cyclic group
of order q2 − q + 1 and the homology group of order q + 1 with axis π and center P . These groups
generate a group of order q3 + 1 acting transitively on points of X⊥ .
We have proved the following result.
Theorem 2.1. On the generalized quadrangle H(3,q2), q odd, there exists a transitive hyperoval of size q3 + 1
admitting the group Cq2−q+1 × Cq+1 , where Cq2−q+1 is a Singer cycle of PGU3(q2).
Corollary 2.2. There exists an inﬁnite family of transitive triangle free graphs of degree q3 + 1, q odd, and
valency q + 1 with automorphism group 2× Cq2−q+1 × Cq+1 , where Cq2−q+1 is a Singer cycle of PGU3(q2).
Remark 2.3. When q is even, let B be a Baer subplane in B. Again, the q + 1 arcs of A partitioning
H(2,q2) meet B in exactly one point. We obtain a set L of q+1 points of B . Of course L = H(2,q2)∩B
but this time L is a Baer subline. In this case there exists a unique line in B meeting each arc in A
once and its orbit under the Singer cyclic group of order q2 − q+ 1 gives rise to a spread of H(2,q2).
3. The second inﬁnite family
Let H(2,q2) be a Hermitian curve of PG(2,q2), q odd, and let C be a conic of PG(2,q2) commuting
with H(2,q2). This means that the polarities induced by H(2,q2) and C commute and their product
yields a non-linear involutory collineation of PG(2,q2). Then C ∩ H(2,q2) is a Baer subconic C0 in a
Baer subplane B of PG(2,q2) and B ∩ H(2,q2) = C ∩ H(2,q2), see [13] for more details.
It has been proved in [5, Lemma 3.1] that the stabilizer G  PGL2(q) of C0 in PGU3(q2), apart from
the Baer subconic C0, has two orbits on H(2,q2), say I and E , each of size (q3 − q)/2. On B, apart
from C0, the group G has two orbits of sizes q(q − 1)/2 and q(q + 1)/2 corresponding to internal
points and external points of C0, respectively.
Let P be an internal point of C0. There are q2 − q lines of PG(2,q2) through B meeting B in
exactly P , and from the proof of [5, Lemma 3.1], q + 1 of them are tangent to H(2,q2) at a point
of I . All the remaining q2 − 2q − 1 lines on P are secant to H(2,q2). The stabilizer GP of P in G
is a dihedral group of order 2(q + 1). The group GP partitions the set S into an orbit XP = {rP , sP }
of size 2 corresponding to lines of S that are tangent to C (the conjugate line of P is secant to C )
and q − 3 orbits of size q + 1. The two lines in XP are interchanged by GP and the cyclic group of
order q + 1 in GP ﬁxes each line in XP (it ﬁxes P , rP ∩ C , sP ∩ C). We focus now on the lines of XP .
As we have already observed, each line of XP is secant to H(2,q2). Also, if it meets I or E in one
point then it has exactly q + 1 intersection points with I or E . There are q(q − 1)/2 internal points
to C0. Ranging P over the set of internal point of C0 we get, under the action of G , an orbit X of size
q(q − 1) consisting of lines all (q + 1)-secant to I or E . Since both I and E have size (q3 − q)/2, on
each point of I (resp. E ) there are two lines of X . Of course X is a dual arc of PG(2,q2).
Now, let H(3,q2) be the Hermitian surface of PG(3,q2). Let π be a secant plane of H(3,q2) meet-
ing H(3,q2) at the Hermitian curve H(2,q2). The stabilizer of π in PGU4(q2) is GU3(q2). Consider
now the setting above on H(3,q2). The set X⊥ of conjugate lines of the lines in X are again (q + 1)-
secant to H(3,q2) passing through P = π⊥ . Arguing as in the previous section we can conclude that
X⊥ comprises q3 − q points forming a hyperoval and the group PGL2(q) × Cq+1 acts transitively on it.
We have proved the following result.
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admitting PGL2(q) × Cq+1 .
Corollary 3.2. There exists an inﬁnite family of transitive triangle free graphs of degree q3 − q, q odd, and
valence q + 1 with automorphism group 2× PGL2(q) × Cq+1 .
4. Derivation
An ovoid of H(3,q2) is a set of q3 +1 isotropic points meeting each generator exactly once. An ex-
ample of an ovoid is any non-tangent plane section of H(3,q2), namely, the Hermitian curve, and it is
called the classical ovoid. The following construction due to Payne and Thas [15] provides nonclassical
ovoids of H(3,q2) for every q. Given a classical ovoid O of H(3,q2), choose two distinct points P1
and P2 on O. Then the line  through P1 and P2 meets O at q + 1 points. Replace these points with
those in the intersection of H(3,q2) with the polar line of . The resulting set contains no conjugate
pairs of points and has the same size as O. Hence it is an ovoid. More generally, by starting from an
ovoid O of H(3,q2) having a chord L, one can show that (O ∪ Lρ) \ L is an ovoid of H(3,q2), where
ρ denotes the unitary polarity of PG(3,q2) induced by H(3,q2). We will refer to such a procedure as
the TP–derivation.
The Thas–Payne derivation [15] on the generalized quadrangle H(3,q2) produces new hyperovals
starting from a given one.
If H is a given hyperoval of H(3,q2) containing a chord but not its conjugate, then the Thas–Payne
derivation yields another hyperoval which is not equivalent to the given one.
The hyperovals found in the previous sections are all derivable a la Thas–Payne.
5. Symplectic hyperovals
It is well known that PSp4(q) is embedded in PGU4(q
2) as a subﬁeld subgroup, stabilizing a subGQ
Σ of H(3,q2) isomorphic to W3(q), [12].
In this setting, it is easy to prove that any generator of H(3,q2) is either disjoint from Σ or
meets Σ at a totally isotropic line with respect to A. An immediate consequence of this fact is that
a 2-ovoid of Σ gives rise to a hyperoval of size 2(q2 + 1) of H(3,q2). We call such a hyperoval a
symplectic hyperoval.
Instances of 2-ovoids of W(3,q) were found in the papers [2] and [6]:
– a 2-ovoid of W3(3) admitting the alternating group A5. It arises from the only non-regular spread
of W3(3) up to projective equivalence, namely the Hall spread which is symplectically-paired. It
should be noted that the Hall spread of W3(3) is a sporadic example in that this spread admits
a non-solvable group acting transitively on its lines, and hence the stabilizer of this 2-ovoid is
undoubtedly atypical;
– an inﬁnite family of 2-ovoids of W3(q), q even, admitting the semidirect product of a cyclic group
of order q2 + 1 by a cyclic group of order 4;
– an inﬁnite family of 2-ovoids of W3(q), q odd, admitting a cyclic group of order q2 + 1.
Of course any hyperoval of W3(q) gives rise to a hyperoval of H(3,q2).
6. Some sporadic examples
The alternating group A7 is a subgroup of PSU3(25) [11, Theorem 25]. It is easy to read off from
[11] that A7 acts transitively on the points of the classical unital H(2,25) in PG(2,25). It is also easy
to read off from [10, Theorem 25], that A7 has two orbits on points of PG(2,25) not on H(2,25),
namely the centers of involutory homologies and the other points. The group A7 has a subgroup
isomorphic to PSL2(7). It has two orbits, say O 1 and O 2, on points of H(2,25) of sizes 42 and
84, respectively, and 7 orbits on points not on H(2,25) of sizes 21, 28, 56, 84, 84, 84 and 168.
The conjugate lines of the points in the orbit of size 21 give rise to the unique transitive spread of
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orbit, say X , of size 28 give rise to a 2-spread of the orbit O 2 (and each line of the 2-spread meets
O 2 at six points) as well as the conjugate lines of the points in one of the orbits, say Y , of size 84
(and each line of Y meets O 2 at exactly two points).
Now, let H(3,25) be the Hermitian surface of PG(3,25). Let π be a secant plane of H(3,25)
meeting H(3,25) at the Hermitian curve H(2,25). Consider now the construction above on H(3,25).
The set X⊥ of conjugate lines of the lines in X are again 6-secant to H(3,q2) passing through P =
π⊥ . The points on lines of X⊥ give rise to a hyperoval of size 168 of H(3,25) admitting the group
PSL2(7) C6, whereas the orbit Y produces two other hyperovals of size 168 that are not unions of
chords. For both hyperovals the group is PSL2(7) C3.
We also found a hyperoval of H(3,9) of size 48 admitting the symmetric group S3.
7. Partial 2-spreads and packings
It appears now clear that a possible construction of hyperovals of the Hermitian generalized quad-
rangle H(3,q2) is related to the concept of partial 2-spread of the Hermitian curve H(2,q2), i.e.,
a subset S of chords of the Hermitian curve covering twice a certain subset Z of points of H(2,q2).
If Z = H(2,q2) then in this case S is a 2-spread, and instead of a hyperoval we get a 2-ovoid of
H(3,q2), i.e. a subset of H(3,q2) that meets each generator exactly twice.
Remark 7.1. Notice that from the construction in Section 2 there does not exist a 2-spread of the
Hermitian curve H(2,q2), q odd, admitting a Singer cycle of order q2 − q + 1.
A consequence of the Thas–Payne derivation is the existence of many ovoids on H(3,q2), and for
this reason it is natural to ask for partitions of H(3,q2) into ovoids. Such a partition can arise from
a packing of spreads of H(2,q2), where the term of packing stands for a partition of the (q + 1)-
secants of H(2,q2) into spreads, i.e., a partition of the point set of H(2,q2) into (q + 1)-secant lines
intersecting in a non-singular point.
Indeed, if P := {Σ1, . . . ,Σq2 } is a packing of H(2,q2), then multiple PT-derivation on each spread
Σi produces q2 pairwise disjoint ovoids of H(3,q2) that together with the classical ovoid H(2,q2)
form a partition of H(3,q2) into ovoids, see also [2].
In this way, we are led to investigate packings of H(2,q2). Here we exhibit the classical example.
Let P be a non-singular point of H(2,q2). The q2 − q (q + 1)-secants through P together with
the conjugate line of P form a spread H(2,q2). Now, draw a tangent line t to H(2,q2). Each of
the q2 points of t different from the tangency point T deﬁnes a spread. The resulting q2 spreads
are pairwise disjoint, and hence form a packing P . Let Aut(P) denote the linear collineation group
ﬁxing P . Clearly Aut(P) coincides with the stabilizer G of T in PGU3(q2). Note that G has order
q3(q2 − 1). Furthermore, G is transitive on the points of t different from T , and the stabilizer GP of
P ∈ t, P = T , under G has two orbits of the same sizes on the set of q2 −q (q+1)-secants through P .
In a natural way, G extends to a linear collineation group Γ of PG(3,q2) which ﬁxes H(3,q2). This
group Γ preserves the partition Π arising from the packing P . The homology group  of order
q + 1 with axis the plane of H(2,q2) also preserves Π , and hence Aut(Π) contains a group of order
q3(q2 − 1)(q + 1).
A spread of H(2,q2) is said to be linear if it consists of all (q + 1)-secants through a point
P /∈ H(2,q2) together with the conjugate line of P . According to the above example, a packing of
H(2,q2) is classical if it consists of linear spreads arising from points on a tangent line to H(2,q2).
The following theorem gives a characterization of classical packings.
Theorem 7.2. If a packing of H(2,q2) entirely consists of linear spreads, then it is classical.
Proof. Let P and Q be two external points of H(2,q2). Assume that a packing contains both linear
spreads arising from P and Q . Then the line through P and Q cannot be a (q+ 1)-secant, and hence
it is a tangent to H(2,q2). Hence if a packing entirely consists of linear spreads, then the points
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of these points is a tangent to H(2,q2). By [8], this can only occur when P1, . . . , Pq2 are the points
of a single tangent line different from the tangency point. 
8. Irreducible 2-ovoids ofH(3,q2)
From the previous section we know that it is always possible to construct 2-ovoids of the Hermi-
tian surface H(3,q2) considering the union of two disjoint ovoids. We call such 2-ovoids reducible.
The problem is to establish the existence of irreducible 2-ovoids. Here we present an example on
H(3,25). Let us start from H(2,25). As already mentioned in Section 6 the group PSU3(25) has a
subgroup isomorphic to P SL2(7). The normalizer N of a 7-Sylow in PSL2(7) is a group of order 21.
It has 27 orbits on the 525 secants of H(2,25): three of size 7 and twenty-four of size 21. The 126
points of H(2,25) are partitioned into six N-orbits of size 21. Among the orbits of size 21 on secants
there are some covering twice 3 of the N-orbits on H(2,25) and skipping the other three (these
give rise to hyperovals of H(3,25) of size 126). With the aid of MAGMA [4] we have found that for
each such orbit there is its companion (same length) again covering twice the remaining points of
H(2,25). On H(3,25) these secants give rise to a 2-ovoid of H(3,25). We constructed with MAGMA
a graph G whose vertices are the conjugate points of the 42 secants, with two points adjacent if the
line joining them is a secant of H(2,25). We found that the size of the maximum clique is 13 and
hence the 2-ovoid cannot be the union of two disjoint ovoids.
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